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In the present work, first the space of fuzzy numbers is constructed and a scalar product
is introduced. The derivative of fuzzy function in this space is defined. Using this approach the
method is proposed to investigate the fuzzy optimal control problem and offer an algorithm
for its numerical solution.

Any situation that requires decision making, as a rule, contains a great
amount of indeterminacy. The control problems containing indeterminacies have been
studied for example, in the papers [1, 2]. To investigate fuzzy optimal control
problem, first, one has to introduce the definition of the derivative of the fuzzy
function [2]. This definition must allow one to investigate optimal control problems
both theoretically and numerically.

Let's define by F the class of convex normal fuzzy numbers. Then for any

a e Fthe set of a-cut of fuzzy number @ the interval a“ =[L,(@),R, ()],
ac[0,], is defined ([3]). Let aeF,beF and a“=[L,(a),R,(a)],
b* =[L,(«),R,(e)]. Then & -cut of fuzzy number a+b and ka,k > 0, definesas
a“ +b” =[L, () + L, (2),R, (@) + R, ()] and ka* =[KL, (2),kR, ()], respectively.

Note that F is not a linear space (the operation of subtraction is not defined in F).
We consider the set of pairs (a,b) € F xF and define the operation of

addition, multiplication and equivalency as
(a15a2)+(b1:b2) =(g +b1aa2 +b2),
k-(a,b)=(ka, kb), k>0,
(=D-(a,b) = (b,a),
(a,,a,)=(b,,b,)<=>a,+b, =a, +b,.
As zero element of this space is taken the pair (0,0), i.e. the set of
elements(a, a), ae F.
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The set of all pairs (a,b) € F x F forms a structure of a linear space. Let
X=(a,,8,) e FxF, y=(b,,b,) e FxF.
Then
a¢ =[L, (@).R, (@)]. b7 =[L, (@).R, (@)}, @ <[0.].

Forany X,y € F x F define the scalar product as

Xoy= j[('—a] (o) = Ly, ()L, (@) - Ly, (a) +

+(R, (@) =R, ()R, (@) =R, (a)(a)lda. )

It may be shown that this definition satisfies all the requirements of the scalar
product. We denote this space by LF . The norm in this space is defined as

Ix1= [I(L, (@) - L, (@)’ + (R, (@) - R, (@)’ Ha, (3)

We define the distance between two fuzzy numbers a€ Fand b e F as
pab)y=|x-y|, (4)
where X = (@,0), y = (b,0). We also will use the norm

o= max Ly, @)Ly, @] #]Ry (@R, @)
a€0,1]

Now, let’s consider fuzzy function  f(t)e F foreach t €[t,,t;] and
define a derivative of the function f (t).
For any a €[0,1],

fa (t) = [Lf(t) (a)a R f(t) (a)]a ae [091] (5)

is called o -cut of the function f(t).
Definition. Let there exists such ¢(t),w (t), that
. (f(t+AD),0)—(f(1),0
tim DO (o0, 0. ©

Then the pair (p(t), w(t)) € F x F is a derivative of the function f (t) at the point
t e (t,,t,). This definition may be written in the following form

fim (e EOD=C0D g, 11, 1),

where ¢, (1), () are a -cut for the functions ¢@(t), w(t).
It is shown that, if L (@), R («) is continuous differentiable relatively t , then
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f (t)is differentiable. Each function f (t) may be considered as an element ( f (1),0)
from F x F . Then

(5O =1, O, 1.

Now, let f (t)be a pair of fuzzy functions, i.e.

FO=(f,®, f,1), Vtel,t,).
From relation
f() = (f,(1,0)+ (0, f,(V) = f,1),0) - (,(1),0),
we see, that the derivative of the function f (t)also is a pair from F x F .
Denote

- 0
L (t)(a) = E Lf(t) (@),

, 0
Rf(t)(a) 25 Rf(t)(a)'

If Lt () SR{ (@), then

f (t) = ([L'f(t) (@), R}(t)(a)]ao) .
Otherwise, i.e. L, o(@)= R}(t)(a) , we obtain

fi(t)= (Oa[_L'f ® (a)’_R}(t) (@)]).
Forany n=n(t)e F xF ,which '(t)e F xF, t €[t,,t,], consider the scalar
product f'(t)o#(t) defined by the formulae (2). It can be shown that

T T
[f'®onmdt=f®n®)/ - f®on' O, T elty t,]. ()

One may show that this derivative satisfies the "necessary natural” conditions.
Example. Let f(t) be fuzzy function whose & - cut is defined as follows:

f,O)=[la-1+t,1-a+t].
Then it is not difficult to show that
f2 (0 = (o, O,y (D),
where
o, =[a.2-a], y,O)=[a-11-a],

Now, consider the following differential equation

X'(t) = A)X(t) + Bv(t), 0<t<T, @®)
with the initial condition
X(0) =X, , ©)

where V(t) €V, foreach t e [O,T] ; V, is a convex subset of the F

A(t), B(t) are the known functions; X, € F 1is a given fuzzy number. Let
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X(t) = (X, (1),X, (1)) e F xF and X(t)=(g,(t),p,(t) € FxF. We will understand
equality (8) as equality in space LF

(@ (1), 0, (1)) = AD)(X, (1), X, (1)) + BO(V(1),0), 0<t<T.  (10)
Denote V = {v=V(t) eV,, Vte [0,T1, |v(t)| € L,(0,T)}. Here we denote

v = v, 0
Let forany t €[0,T], xe FxF,veF f(t,x,v)eR,g(x)€R and

| f(t, X,V)| < C("X”2 + ||V||2) , where C is a positive constant.

Consider the following optimization problem:
To find v(t) € V from condition of maximum of the following functional

j f (t, x(t),v(t)dt +g(x(T)) — min (11)

where X = X(t) is found as a solution of the problem (8)-(9) corrosponding Vv = v(t) .
Let A(t), B(t) be continous functions.

Lemma. Ifx, = (x{",Xx{?) € F x F . Then for any Vv =V(t) €V there exists the uni-
que solution X(t) € F x F of the problem (8), (9) and ||X(t)|| <const,Vt €[0,T].
Proof. Let V=V(t) eV be any fuzzy number with & -cut

vV, () =[Ly, (@), R ()], X5 =[L, (@),R, (@)] and B(t) =B, (t)— B, (1),
B,(t)>0,i=1,2. Taking

L(Xi()t) (a) = p(t)|: fo,” (a)+ J. B, (7) exp(— _[ A(S)dSJ LV(‘[) (a)d T:| )
(12)
Rih (@) = p(t){Rxém (@)+ B, (@) exp(— [ A(s)dszv(,) (a)dr} ,

0

consider the pair X(t) & (X" (t),x”(t)) with a -cuts X}’ (t) =[L%,, (@),R{, (@)],i=1,2,
a €[0,1]. here pt)=exp U A(r)dr] Take into account that L)éi) @SR%U @, L,(@<R, (@),
0

it is not difficult to show that L(Xi()t) < R)((i()[) , for any @ €[0,1]. Here Checking this we

will see, that X(t) e F x F, t €[0,T], is a solution of the problem (8), (9). The proof
of the uniqueness of the problem (8), (9) is not difficult. Take into account that
V()] € L, (0,T) from (12) we get ||x(t)] < const, vt [0, T].

The Lemma is proved.

Remark. If B(t) >0, t €[0,T] and X, € F, then for any V=V(t) €V there exists
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the unique solution X(t) € F of the problem (8), (9).
Let v = (1) be a solition of the problem
y' (1) =—AMby 1)+ f, (tx(1),v(1), (13)
w(t)=-g,(x(T). (14)
The problem (13), (14) is called adjoint problem for (8), (9).
Let for any t €[0,T[, the functional X — f(t,X,V) be differentable on LF, i.e.

[f(t,x+h,v)— f(t,x,v)— f,(t,x,v)eh| <L(h)|h|, he LF, Vte[0,T].
Here L(h) > 0, when ||h|| —0.

The following theorem is proved.
Theorem 1. Let {V*(t), X*(t)} be an optimal pair for the problem (8)-(10) . Then for

cach Vte (0,T) the following relation is fulfilled
BOV (D eoy (O~ F(t,x 1),V (1) =
=max[B(tvey (t) - f(t, X (1),v)],
veV,
here w*=w*(t) is the solution of the problem (13)-(14) corrosponding
VE=V*(1).
Let for any t €[0,T[, the functional v — f(t,X,V) be differentable on LF.

Difinition. The functional J(V)is called differentiable in VvV €V , if there exist the
limit

(15)

hI%J(V+h)_J;V)_J,(V)Oh=O' (10

Theorem 2. The functional J(V) differentiable in vV €V and

J'(v) =By - f,(t,x,v). (17)
Theorem 3. If the element v*eV gives minimum to functional J (V) under
condition (8),(9), then

[lf..x .V ) -BOw O] v -v @)t =0, eV, @8
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QEYRI-XOTTi FUNKSIONAL iLO FAZZi OPTIMAL iDAROETMO MOSOLOSI
ANIFTIYEV, C.ZEYNALOV, M.PURMONUCEHRI
XULASO
Isdo fazzi ododlorin fozasi qurulur vo skalyar hasil toyin edilir. Bu fozada fazzi
funksiyanin toromosi toyin edilir. Optimal idaroetmonin fazzi masalosini todqiq etmok {igiin

metod vo adadi  hall ii¢iin alqoritm taklif edilir.

DA33U1 3AJJAYN OIITUMAJIBHOI'O YIIPABJIEHUSA
C HEJIMHEMHBIM ®YHKI[MOHAJIOM

A. HUOTHUEB, 1:x.3EMHAJIOB, M.INTYPMAHYUYEXPHU
PE3IOME
B paboTe mNOCTPOEHO MPOCTPAHCTBO (ha33u YHCEN U BBEJCHO CKASIPHOE MPOU3BEIC-
HHe. B 3TOM mpocTpaHCTBe ompezeneHa mpou3BoaHas ¢Ga3su (yHkimid. [Ipeanoxen MeTon

JUIs1T UCCIICAOBAaHUsA (1)8,331/1 3aJa4ur ONTUMAJIBHOI'O YIIPABJICHUSA U aJITOPUTM JII YHUCJICHHOTO
peuicHus.
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